On two notions of torsion and metric compatibility of connections in noncommutative geometry

1Statistics and Mathematics Unit, Indian Statistical Institute

Abstract

We compare the notions of metric-compatibility and torsion of a connection in the frameworks
of Beggs-Majid and Mesland-Rennie. It follows that for x-preserving connections, compatibility
with a real metric in the sense of Beggs-Majid corresponds to Hermitian connections in the sense
of Mesland-Rennie. If the calculus is quasi-tame, the torsion zero conditions are equivalent. A
combination of these results proves the existence and uniqgueness of Levi-Civita connections in
the sense of Mesland-Rennie for unitary cocycle deformations of a large class of Riemannian
manifolds, as well as the Heckenberger-Kolb calculi on all quantized irreducible flag manifolds.

Preliminaries on Beggs-Majid set up

Jyotishman Bhowmick! Bappa Ghosh' Satyajit Guin?

Unique connection on (), (G/Lg)

2Department of Mathematics, Indian Institute of Technology Kanpur

Theorem [DGKOB™21] Let (15(G/ Lg) be the Heckenberger—Kolb Calculus on anirreducible flag
manifold Oq(G/Lg). There exists a unique O4(G)-covariant connection V on Qé(G/LS).

Existence and Uniqueness of Levi-Civita connection on the
Heckenberger-Kolb calculi

Suppose A is an algebra and B is an A-comodule x-algebra. The symbol éModB will denote the
category whose objects are B-bimodules and left A-comodules with the obvious compatibility
relation and the morphisms are A-covariant maps that are B-bilinear.

Definition: A differential calculus on an algebra B is a differential graded algebra (Q2%(B) =
Pr~0 OF(B), A, d) such that Q%(B) are objects of éModB, OY(B) = B and Q*(B) is generated as
an algebra by B and dB.

A differential calculus (Q2®, A, d) on B is said to be a x-differential calculus if there exists a conju-
gate linear involution x : Q*(B) — Q*(B) which extends the map x : B — B such that

«(QF(B)) C QF(B), (dw)* = d(w*), (wAv)* = (=) Aw?
forallw e Q%(B),v € Q/(B).

Definition: A metric is a pair (g, (, )) such that ¢ € Q! @5 Q! is an A-coinvariant element and

(,):Q'@p Q! — Bisamorphism of 4Mod; such that for all w € Q1 the following equations
hold:

(w, )®pid)g=w=(ld®@p (,w))g.
A metric is said to be real if gT = g, where T = flip (x ®p *).

Definition: A left connection on an object £ of éModB is an A-covariantmap V: & - QU @y &
such that
V(be) =bV(e)+db®pe

foralle € £ and forall b € B.

It is called a bimodule left connection if there exists a morphism o : € @5 Q! — Q' @5 € in

éModB such that
V(eb) =V(e)b+ o(e ®p db)

foralle € £ and forall b € B.

x=-preserving connection

Theorem ([BGKOB24]) Let (g,( , )) be an Oy4(G)-covariant real metric on the space of one-
forms of the Heckenberger—Kolb calculi. Then there exists a unique covariant bimodule con-
nection (V, o) on Qé(G/LS) which is torsionless and compatible with the metric (g, (, )).

The Levi-Civita Connection is x-preserving

Theorem: [BGG26] The Levi-Civita connection (V, o) on Qé(G/LS) is x-preserving.

Unitary 2-cocycle deformation

A bimodule connection on QY(B) is said to be x-preserving if Vox = g ot oV, where 1 =
flip o (x ®p *).

Levi-Civita Connection

Definition: If A is a Hopf algebra, then a convolution invertible map v: A® A — C is called a
2-cocycle If

Y1) ® h(1))V(9<2)h<2) & k) = V(h(m ® k(1))7(9 ® h(Z)k(2))

forall g,h,k € Aandy(h® 1) =¢e(h) =~v(1® h) forall h € A. If Ais a Hopf x-algebra, then v is
said to be unitary if

7(@@ b) = f_y(S(a)* & S(b)*).

If v Is a unitary 2-cocycle on A, then it is well-known that there exists a Hopf x-algebra

(Avy, v, A, €y, Sy, x~) iIsomorphic to A as a coalgebra.

In the presence of a unitary cocycle v, A-comodule x-algebras and objects of éModB can also
be deformed. Concretely, if B is an A-comodule x-algebra, then we have an A,-comodule
x-algebra By with multiplication and involution defined as

a -~ b= /7(@(—1) X b<_1>)a(0>b<0), b™ = V(bzk_l)> bEkO).

Here, V : A — C is the map defined as V (k) = i(k@) ® S_l(km)).
The cocycle deformation of an object (M, M§) of éModB is the pair ([(M), Mv5) where
['(M) = M as a comodule equipped with B--bimodule structures given by

by = by ® M) by o), oy b= (mien) ® by i) b

Proposition: If (Q® A, d) is an A-covariant differential x-calculus on B, then the unitary
2-cocycle deformation (€25, A, d) is an A~-covariant differential x-calculus on B,

Proposition: If (g, (, ))is a real A-covariant metric on Q'(B) and « a unitary 2-cocycle on A,
then the cocycle-deformed metric (g, (, )4) for the differential calculus (€23, Ay, dy) is also real.

Levi-Civita connection for cocycle deformation

A Levi-Civita connection on Q! for a metric (g, (, )) is a left bimodule connection (V, o) such
that it is compatible with g, i.e.,

Valg z0il9) = (V ®id + (0 ®id)(id ® V)) (g) =0

and is torsion-less, i.e., AoV = d.

Heckenberger-Kolb calculi

Theorem: [BM20] Assume that (V1, 0) is the unique A-covariant Levi-Civita connection for a
—1

covariant metric (g, (, )). Then Vg1 = Pt o1 © ['(V1) is a bimodule connection and is the
8 9

unique A~-covariant Levi-Civita connection for the metric (g, (, )~).

Here 90511791@ XRp w) = f_y(v(_l) & w(_D)U(O) ®BW W) for all v,w € 3

Theorem (I[BGG261])

Let G be a compact connected simply connected simple Lie group with complexified Lie algebra
g. Suppose that 7 = {aq, -+ ,ap} is the set of simple roots of g and S = 7 \ {¢;}, where «;
appears with coefficient at most 1 in the highest root of g.

For 0 < ¢ < 1, the symbol U,(g) will denote the Drinfeld-Jimbo quantized universal enveloping
algebra while O4(G) will denote the coordinate algebra of the dual compact quantum group Gy,.
Moreover, we have a quantum homogeneous space O4(G/Lg), called the algebra of functions
on the corresponding quantized irreducible flag manifold.

Theorem: Over any irreducible quantum flag manifold O,(G/Lg), there exists a unique finite-
dimensional left O4(G)-covariant differential x-calculus Q9(G/Lg) of classical dimension.

For more details, we refer to [HKO4, HKQO6] and references therein.
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Let (V,0) be a x-preserving A-covariant bimodule connection on Q! such that o is an A-
covariant map. Then the connection V, defined is also *-preserving.

Remark

A unitary 2-cocycle deformation of a classical Levi-Civita connection is x-preserving.
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Mesland-Rennie (IMR25]) Set Up

Definition: A weak second order differential structure on B'is a triplet (Q!, d, ) where (Q1, d) is
a first order differential calculus on Band ¢ : Q' @5 Q! — Q! @5 Ol is a B-bilinear idempotent
such that JTC% C Ran(vy). Here JTC% s the space of second order junk forms.

Definition: Aleft connection V on Q!(B) for a weak second order differential structure (Q, d, ¥)
is called torsionless in the sense of [MR25] if (1 — )V = dy, where

dy: ' = U ep Q! dyw)=(1—y)(Todor )(w).

A differential calculi (Q°, A, d) is said to be quasi-tame if A : Q! @5 Q! — Q? splits.
Comparison of torsion (IBGG261)

Let (Q°, A, d, s) be a quasi-tame differential calculus and V is a connection on QL. then V is
torsionless in the sense of [MR25] if and only if AoV = d.

Levi-Civita connection in [MR25] set up

Definition: A weak t-bimodule over B is a triplet (X, 1, g((, ))) where X is a B-bimodule which
is finitely generated and projective as a left B-module, 1 is a f-structure on X and g({, )) :
X x X — B is asesquilinear form such that g{(zb,y)) = p{{z,yb*)forall z,y € X,b € B. If
g{(, ))Iisaninner product, then we say that X is a -bimodule.

Definition: A quintuple (Q1, &', t,4, g((, ))) is said to be a weak Hermitian differential structure
on a x-algebra B if

(1) (1, d’ 1) is a weak second order differential structure, and (2) the triple (QL, 1, 5((, ))) is a
weak f-bimodule satisfying the condition d'(b*) = —d’(b)' for all b € B.

Definition: A left connection V'’ is said to be a Levi-Civita connection in the sense of [MR25]
for (QL, d' 1,4, g((, ))) if V' is Hermitian with respect to the triplet (21,1, g((, ))) i.e,

d'(p{(e. ) = 1 ((V'(e), 1)) — u{{e, V()
holds), and if V'’ is torsionless in the sense of [MR25] for the weak second order differential
structure (Q1, d',1).

Comparison of Levi-Civita connections (IBGG26])

Suppose that (Q°, A, d, s) is a quasi-tame #-differential calculus, (g, (, )) is a real metric on Q!
and (V, ) a *-preserving bimodule connection on Q! such that ¢ is an isomorphism. Then the
following statements are equivalent:

(2) (V,0)is a (unique) Levi-Civita connection for the metric (g, (, )),
(77) v/—1V is a (unique) Levi-Civita connection in the sense of [MR25] for the associated weak
Hermitian differential structure.

Examples (IBGG26])

The Heckenberger-Kolb calculi 25(G/Lg) is a quasi-tame differential calculus and hence the

Levi-Civita connection on QY(G/Lg) is also a Levi-Civita connection in the sense of [MR25]. A
similar statement holds for unitary 2-cocycle deformation of classical Levi-Civita connections.
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