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Goal

Construct new examples of semisimple Hopf algebras and their actions.

General assumption: char(K) = 0, K = K
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... Side Quests

Question
Let H be a semisimple Hopf algebra acting on A. Let

AH = {a ∈ A : ∀h ∈ H h · a = ϵ(h)a}.

Suppose A has no non-zero nilpotent H-stable ideals.
1 If A is non-unital, then AH ̸= {0}?
2 If A is unital and I an H-stable ideal of A, then I ∩ AH ̸= {0}?
3 If A is unital, does A#H has no non-zero nilpotent ideals?
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Starting Point ...

Theorem (Etingof-Walton 2013)
Any action of a semisimple Hopf algebra on a commutative domain factors through a
group algebra action.

An action of H on A factors through a quotient Hopf algebra H/I if I · A = 0.

Construct examples of semisimple Hopf algebras on non-commutative domains
that do not factor though group actions.
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Extensions of Etingof-Walton’s Theorem

Theorem (Pansera-L, 2015)
Any action of a semisimple Hopf algebra on

1 A = U(g), for any finite dimensional Lie algebra g,
2 A = C[x0][x1, δ1][x2, δ2] · · · [xm, δm].
3 A = An(C) (Cuadra-Etingof-Walton, 2014)

factors through a group algebra.
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Kac-Paljutkin algebra

Definition (Kac-Paljutkin, 1966)
H8 = K⟨x , y , z⟩, with x , y commuting group-likes of order 2 and

zx = yz , zy = xz ,

z2 = 1
2 (1 + x + y − xy) ,

∆(z) = 1
2 (1 ⊗ 1 + x ⊗ 1 + 1 ⊗ y − x ⊗ y) (z ⊗ z).

The antipode is defined by S(z) = z, S(x) = x, S(y) = y.

H8 has basis {1, x , y , xy , z , xz , yz , xyz}.
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A non-trivial action

H8 = C[Z2 × Z2][z ; σ]/⟨z2 − 1
2(1 + x + y − xy)⟩, σ : x ↔ y

Example (Kirkman-Kuzmanovich-Zhang, 2009)
H8 acts homogeneously on A = Cı[u, v ] = C⟨u, v : vu = ıuv⟩ via

X =
[

−1 0
0 1

]
Y =

[
1 0
0 −1

]
Z =

[
0 1
1 0

]

Note that z · (uv) = −vu ̸= vu = (z · u)(z · v).

The action of H8 on Cq[u, v ] is inner faithful in the sense that it does not factor
through a quotient Hopf algebra.
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Kac-Paljutkin via matched pair of groups

A matched pair (G , F ): actions ▷ : G × F → F and ◁ : G × F → G such that G × F is
a group with product

(a, x)(b, y) = (a(x ▷ b), (x ◁ b)y).

Opext(K[F ],K[G ]∗) = (Hopf algebra extensions of K[F ] by K[G ]∗)/ ∼

K[G ]∗ ↪→ H ↠ K[F ]

For G = Z2 × Z2 = ⟨x , y⟩ and F = Z2 = ⟨z⟩ acting on G by

xayb ◁ z := xbya,

one has H8 ∈ Opext(K[Z2],K[Z2 × Z2]∗).
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Kac-Paljutkin via skew polynomial rings

R = K[Z2 × Z2] = K⟨x , y : xy = yx , x2 = 1 = y2⟩

H8 = R[z ; σ]
⟨z2 − t⟩

where σ : x ↔ y

∆(z) = J(z ⊗ z) and ϵ(z) = 1, where

J = 1
2 (1 ⊗ 1 + x ⊗ 1 + 1 ⊗ y − x ⊗ y) and t = µR(J).
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Twisted homomorphisms

Definition
A Drinfeld twist of a bialgebra H is an invertible element J ∈ H ⊗ H with

1 (∆ ⊗ id)(J)(J ⊗ 1) = (id ⊗ ∆)(J)(1 ⊗ J)
2 (ϵ ⊗ id)(J) = 1 = (id ⊗ ϵ)(J)

If J is a twist, then
∆J(h) := J∆(h)J−1

defines another bialgebra structure on H, denoted by HJ .
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Twisted homomorphisms

Theorem
For a bialgebra R, σ ∈ Aut(R) and J ∈ R ⊗ R invertible, the following statements are
equivalent:

1 R[z ; σ] is a bialgebra extension of R and

∆(z) = J(z ⊗ z) and ϵ(z) = 1.

2 (σ, J) is a twisted homomorphism in the sense of A.Davydov, i.e.
J is a twist and
σ : R → RJ is a bialgebra automorphism.
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Skew Monoid Algebra

Let α : M → EndK(R) be a monoid homomorphism, M monoid, R K-algebra.

Definition
R#M is the free left R-module with basis the elements of M and multiplication

(r#x)(s#y) := r αx (s)#xy .

Example
For σ ∈ Aut(R), M = {z i : i ≥ 0} and α(z i) = σi , one gets R[z ; σ] = R#M.
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Twisted Monoid Action

Theorem
Suppose α : M → Aut(R) is a homomorphism of monoids, R a bialgebra,
M = ⟨z1, . . . , zm⟩ a free monoid and central invertible J1, . . . , Jm ∈ R ⊗ R. TFAE:

1 R#M is a bialgebra extension of R and

∆(zi) = Ji(zi ⊗ zi) and ϵ(zi) = 1.

2 (α(z1), J1), . . . , (α(zm), Jm) are twisted homomorphisms.

Christian Lomp Constructing semisimple Hopf algebras and non-inner faithful actions



Hopf algebras Motivation Generalized Kac-Paljutkins Actions Irreducible Reps

Generalization: substitute Z2-action by Σm-action

Let B be a Hopf algebra, e.g. B = K[Zn].
instead of Σ2 = Z2 ↷ K[Z2 × Z2],

consider Σm ↷ B⊗m.
Let J be a twist for B, e.g. J = 1

n
∑n−1

i ,j=0 q−ijx i ⊗ x j for K[Zn].
How to get compatible twists Jσ for B⊗m, σ ∈ Σm?

Use {Jσ : σ ∈ X} to turn the skew monoid algebra B⊗m#M, with M freely
generated by some X ⊆ Σm, into a bialgebra.

Find a semisimple Hopf quotient (B⊗m#M) /I ∈ Opext(K[Σm], (B⊗m)∗).
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Steps - strong twists

Let J be a twist for a bialgebra B.

Definition
J is called a strong twist if (e2

1 ⊗ e2
2)(J) is a twist for B ⊗ B.

Theorem
If J is a central strong twist of B and M = ⟨z1, . . . , zm−1⟩ a free monoid of rank
m − 1, then zk acts on B⊗m via sk = (k k+1) and B⊗m#M is a bialgebra extension of
B⊗ with

∆(zk) = Jsk (zk ⊗ zk), Jsk = (em
k ⊗ em

k+1)(J).

em
i : B ⊗ B⊗m b 7→ 1 ⊗ · · · ⊗ b ⊗ · · · ⊗ 1.
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General construction

Theorem
Let J be a central strong twist for B and M = ⟨z1, . . . , zm−1⟩ the free monoid acting
on B⊗m via sk = (k k+1) and Jsk as above. Let I be the ideal of R#M generated by

z2
i − µ(Jsi ), zizi+1zi − zi+1zizi+1, zizj − zjzi , |i − j | > 1.

Suppose B is a Hopf algebra with antipode S, such that
∆B⊗B(J) = (e2

1 ⊗ e2
2)(J)(e2

2 ⊗ e2
1)(J)(J ⊗ J),

(id ⊗ S)(J) = J−1 = (S ⊗ id)(J),
(S ⊗ S)(J) = J.

Then H = (B⊗m#M)/I is a Hopf algebra and H ≃ B⊗m#γΣm.
If B is semisimple, then H is semisimple.
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Generalized Kac-Paljutkin algebras

Theorem (n, m ≥ 2, q an nth root of unity)
∃ semisimple Hopf algebra Hn,m of dimension nmm!, generated by elements
x1, . . . , xm, z1, . . . , zm−1, s.t.

xn
i = 1, xixj = xixj , zkxi = xσk(i)zk

zkzk+1zk = zk+1zkzk+1, zkzl = zlzk , |k − l | > 1, z2
k = tk

∆(zk) = Jσk (zk ⊗ zk), Jσk = 1
n

n−1∑
i ,j=0

q−ijx i
k ⊗ x j

k+1, tk = µ(Jσk ).

σk = (k k+1). Hn,m ∈ Opext(K[Σm],K[Zm
n ]).
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Generalized Kac-Paljutkin algebras, m=2,3

m = 2: Opext(K[Σ2],K[Z2
n]) = {Hn,2 : q nth root of unity} (Masuoka, 1997).

m = 3: Hn,3 is generated by x1, x2, x3, z1, z2 subject to

z1x1 = x2z1, z1x2 = x1z1, z1x3 = x3z1

z2x1 = x1z2, z2x2 = x3z2, z2x3 = x2z2

z2
1 =

n−1∑
i ,j=0

q−ijx i
1x j

2, z2
2 =

n−1∑
i ,j=0

q−ijx i
2x j

3.

here z1 = σ1, z2 = σ2, with σ1 = (12), σ2 = (23) in Σ3.
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While the xi are group-like, we have

∆(z1) =

1
n

n−1∑
i ,j=0

q−ijx i
1 ⊗ x j

2

 (z1 ⊗ z1),

∆(z2) =

1
n

n−1∑
i ,j=0

q−ijx i
2 ⊗ x j

3

 (z2 ⊗ z2).

Hn,3 has dimension 6n3 and basis
{

x i
1x j

2xk
3 σ : 0 ≤ i , j , l < n, σ ∈ Σ3

}
.
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Hn,3 is a crossed product K[Zm
n ]#γΣm where the 2-cocycle γ is determined by the

multiplication in Hn,3 and given by γ(id, σ) = γ(σ, id) = 1 and the following table.

γ σ1 σ2 σ1σ2 σ2σ1 σ1σ2σ1
σ1 t1 1 t1 1 t1
σ2 1 t2 1 t2 t2

σ1σ2 1 t3 t1 t1t3 t1t3
σ2σ1 t3 1 t2t3 t2 t2t3

σ1σ2σ1 t2 t1 t2t3 t1t3 t1t2t3

t1 = 1
n

n−1∑
i ,j=0

q−ijx i
1x j

2, t2 = 1
n

n−1∑
i ,j=0

q−ijx i
2x j

3, t3 = 1
n

n−1∑
i ,j=0

q−ijx i
1x j

3.
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m-dimensional irreducible representations for Hn,m

Let p = √q and 0 ≤ a, b < n. Then Hn,m acts on Va,b =
⊕m

i=1 Kui as

Xi =



qb

. . .
qa

. . .
qb


Zk =



pb2

. . .
0 1

qab 0
. . .

pb2


Va,b is a simple left Hn,m-module, if a ̸= b (mod n).
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Theorem
There exists numbers (rij) for 1 ≤ i , j ≤ m, such that Hn,m acts on

Aab = K⟨u1, . . . , um⟩
⟨uiuj − rijujui : i , j⟩ , (1)

such that Va,b = Ku1 ⊕ · · · ⊕ Kum as Hn,m-submodule.

ri ,j = q(b2−ab)(j−i−1)pb2−a2
, i < j
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Theorem (Hopf subalgebra of dimension 3n3)
Consider the subalgebra H of Hn,3 generated by R = K[Z⊗3

n ] and θ = z1z2.

Then

1 H ≃ R[θ, σ]
⟨θ3 − t1t2t3⟩

is a semisimple Hopf algebra of dimension 3n3, where

σ(xi) = xσ(i), with σ = (123) and

∆(θ) =
( 1

n2

∑
q−ij−klx i

1xk
2 ⊗ x i

2x l
3

)
(θ ⊗ θ).

2 H acts inner-faithfully on A = K√q[u1, u3][u2].
3 AH = K[un

1 , un
2 , un

3 ]A3 is the ring of cyclic polynomials.
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Theorem (Halbig, 2025)
Hn,m is isomorphic as an algebra to the group algebra k[Zn ≀ Σm].

Zn ≀ Σm is a wreath product, i.e. as a set equal to Zm
n × Σm subject to

(a1, . . . , am, σ)(b1, . . . , bm, τ) = (a1bσ(1), . . . , ambσ(m), στ)

Zn ≀ Σm is the generalized symmetric group (W.Specht, Berlin, 1931).

zk 7→ ykzk , yk =
∑

λ∈Zm
n

p−λkλk+1Λλ, Λλ = 1
nm

∑
η∈Zm

n

qλ·ηxη.
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Corollary (Irreducible Representations of Hn,m)

Irr(Hn,m) ∼= {β = (λ1 ⊢ l1, . . . , λn ⊢ ln) : l1 + · · · + ln = m.} .

|Irr(Hn,m)| =
∑

(l1,...,ln)
l1+···+ln=m

p(l1) · · · p(ln), where p denotes the partition function.

dim(Vβ) = m!
l1! · · · · · ln! f0 · · · · · fn−1, where fi = |{std Young tabeaux shape λi}|
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H2,3 = C[Z2 × Z2 × Z2]#γΣ3 ≃ C[Z2 ≀ Σ3], generators x1, x2, x3, z1, z2

β eβ dimension
((3), ∗) 1

6 Λ(0,0,0)(1 + z1 + z2 + z1z2 + z2z1 + z1z2z1) 1
((2, 1), ∗) 1

3 Λ(0,0,0)(1 + z1)(1 − z1z2z1) 2
((1, 1, 1), ∗) 1

6 Λ(0,0,0)(1 − z1 − z2 + z1z2 + z2z1 − z1z2z1) 1
((2), (1)) 1

2 Λ(0,0,1)(1 + z1) 3
((1, 1), (1)) 1

2 Λ(0,0,1)(1 − z1) 3
(∗, (3)) 1

6 Λ(1,1,1)(1 + z1 + z2 + z1z2 + z2z1 + z1z2z1) 1
(∗, (2, 1)) 1

3 Λ(1,1,1)(1 + z1)(1 − z1z2z1) 2
(∗, (1, 1, 1)) 1

6 Λ(1,1,1)(1 − z1 − z2 + z1z2 + z2z1 − z1z2z1) 1
((1), (2)) 1

2 Λ(1,1,0)(1 + z2) 3
((1), (1, 1)) 1

2 Λ(1,1,0)(1 − z2) 3

Λ(a,b,c) = 1
8

∑
(i,j,k)∈Z3

2

(−1)ai+bj+ckx i
1x j

2x k
3
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Thank you for your attention!!!
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