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Notation

k field of characteristic zero

A k-algebra

Ae :“ A b Aop

We identify Ae-Mod with the category of A-bimodules.
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Hopf algebroids



Definition

An Ae-ring is a k-algebra H together with
a k-algebra map η : Ae Ñ H.
The map η induces a forgetful functor

U : H-Mod ÝÑ Ae-Mod.

pAe-Mod,bA,A,HomAp , qq

closed monoidal category

H-Mod
no monoidal structure in general

Definition

A (left) bialgebroid over A consists of an Ae-ring H together with a monoidal
structure pH-Mod,b, 1q such that

UpM b Nq “ UpMq bA UpNq, Up1q “ A.

A (left) Hopf algebroid is a bialgebroid H for which there exists a (left) inner hom
r , sℓ on H-Mod such that

UprM,Nsℓq “ HomApUpMq,UpNqq.
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Structure maps

Proposition (Sweedler 1974, Takeuchi 1977, Schauenburg 1998)

A (left) bialgebroid structure on H is equivalent to an A-coring structure

∆: H Ñ H bA H, ε : H Ñ A,

on the left Ae-module AeH such that ∆ and ε satisfy some compatibility conditions
with the multiplication on H.

Proposition (Sweedler 1974, Schauenburg 2000)

A (left) Hopf algebroid structure on H is equivalent to the invertibility of the (left)
Galois map

δ : H bAop H Ñ H bA H, h bAop g ÞÑ hp1q bA hp2qg .

where hp1q bA hp2q :“ ∆phq.

Beware: A Hopf algebroid does not admit an antipode in general.
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The ring of differential operators: the
commutative case



Main question

We start with a commutative algebra A.

We associate to this algebra its ring of differential operators DA.

Well-known: If A is smooth, then DA is a Hopf algebroid over A.

Question: For which algebras A is DA a Hopf algebroid?
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Examples and counterexamples

Geometric object A DA Hopf algebroid?

krt, t´1s
localized Weyl algebra

UK pDerkpK qq
Yes

krt2, t3s

generated by
t2, t3 and some higher order

operators
Yes

k ` pt2 ´ 1qkrts k ` pt2 ´ 1qDkrts No
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Differential operators

Definition (Grothendieck 1966)

The ring of k-linear differential operators on A is the filtered subalgebra of EndkpAq

DA :“
ď

ně0

Dn
A

where D0
A :“ tλa | a P Au – A,

Dn
A :“ tD P EndkpAq | @a P A : rD, λas P Dn´1

A u, n ě 1.

For n “ 1, we have D1
A “ A ‘ DerkpAq, where

DerkpAq “ tD P EndkpAq | Dpabq “ aDpbq ` Dpaqb @a, b P Au.
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Main problem

Question

For which algebras A is DA a Hopf algebroid over A?

The unit and counit are fixed:

η̄A : A ãÑ DA, εA : DA Ñ A, D ÞÑ Dp1q.

Most difficult part: find the comultiplication map

∆A : DA Ñ DA bA DA.
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Smooth algebras

The pair pA,DerkpAqq forms what is called a Lie–Rinehart algebra.

Its universal enveloping algebra UApDerkpAqq admits a Hopf algebroid structure:

∆paq “ a bA 1, ∆pDq “ 1 bA D ` D bA 1,

εpaq “ a, εpDq “ 0,

β´1pa bA 1q “ a bA 1, β´1p1 bA Dq “ D bA 1 ´ 1 bA D,

for a P A, D P DerkpAq.
There exists a canonical k-algebra map

UApDerkpAqq Ñ DA.

Theorem (Grothendieck 1966, Sweedler 1974, Narváez-Macarro 2009)

If DerkpAq is finitely generated projective over A, then UApDerkpAqq – DA.
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How to compute DA in general?

Here are some methods for the case when A is the coordinate ring of an affine variety.

Quotients

Suppose A “ R{I , where R is smooth over k. Then

DA – tD P DR | DpI q Ď Iu{tD P DR |DpRq Ď I u.

Localizations

Suppose A Ď K , where K :“ S´1A is a localization of A. Then we have

DK – K bA DA as a left K -module

and
DA – tD P DK | DpAq Ď Au Ď DK .
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Descent technique

Assume we have

A Ď K be commutative algebras

H be a Hopf algebroid over K whose source and target maps are equal

HpAq :“ th P H | εphaq P A@a P Au

H H bK H

HpAq HpAq bA HpAq

∆

Question: When can we “restrict” the comultiplication of H to HpAq?
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Local projectivity

Definition (Vercruysse 2008)

HpAq is RpAq-locally projective, if for all h P HpAq, there exist a1, . . . , an P A and
h1, . . . , hn P HpAq such that

h “

n
ÿ

i“1

εphai qhi .

Theorem (Krähmer–M. 2026)

Suppose that

1. HpAq is RpAq-locally projective, and

2. the canonical map K bA HpAq Ñ H, x b h ÞÑ xh is surjective.

Then the Hopf algebroid structure on H restricts uniquely to HpAq.

This theorem can be applied directly to the setting where A Ď K “ S´1A, H “ DK

and HpAq “ DA.
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Examples: Monomial Curves

A numerical semigroup, i.e. a submonoid of pN,`, 0q such that NzA is finite

A :“ krAs “ krta | a P As

K :“ krt, t´1s smooth

Theorem (Krähmer–M. 2026)

1. DA is RpAq-locally projective, hence it is a Hopf algebroid over A.

2. DA admits an antipode if A is symmetric.

3. DA is monoidally Morita equivalent to the Weyl algebra Dkrts.

These algebras provide the first examples of cocommutative, conilpotent Hopf
algebroids in characteristic zero which are not of the form UApLq, and whose
conilpotent filtration is not a coalgebra filtration.
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Non-examples: Nodal Curves

I :“ M1 ¨ ¨ ¨Mr Ď krts, where M1, . . . ,Mr are pairwise distinct maximal ideals

A :“ k ` I subalgebra of krts

Proposition (Smith–Stafford 1988)

DA “ k ` IDkrts

Theorem (M. 2026)

1. DA is not RpAq-locally projective.

2. DA does not admit a Hopf algebroid structure.
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Rings of differential operators: the
non-commutative case
(work in progress)



Motivation

There exist several non-equivalent definitions of DA in the non-commutative case.

We would like a definition of DA which

is intrinsic to A,
reduces to Grothendieck’s definition when A is commutative, and
admits a Hopf algebroid structure when A is nice.

The free algebra is the first step towards our goal.
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Differential operators

We assume that A is not necessarily commutative.

Definition (Lunts–Rosenberg 1997)

The ring of k-linear differential operators on A is the filtered subalgebra of EndkpAq

DA :“
ď

ně0

Dn
A

where

D0
A :“ spanktλaρb | a, b P Au,

Dn
A :“ spanktλaD P EndkpAq | a P A and rD, λbs P Dn´1

A @b P Au, n ě 1.
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The free algebra

Let A :“ kxx1, . . . , xr y, r ě 2.

Given a pair pa, iq P A ˆ t1, . . . ru, we define the unique derivation
ˆ

a
i

˙

P DerkpAq, where

„ˆ

a
i

˙

, λxj

ȷ

“ δi ,j λa and

ˆ

a
i

˙

p1q “ 0.

Given a sequence of pairs
`

pa1, i1q, . . . , pan, inq
˘

P pA ˆ t1, . . . , ruqn, n ě 2, we define
ˆ

a1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

P EndkpAq

recursively to be the unique operator such that
„ˆ

a1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

, λxj

ȷ

“ δi1,j λa1

ˆ

a2 ¨ ¨ ¨ an
i2 ¨ ¨ ¨ in

˙

and

ˆ

a1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

p1q “ 0.

For n “ 0, we define
`˘

“ idA .
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Differential operators on the free algebra

Theorem (Iyer–McCune 2012)

DA “ spanktλa | a P AuY

"ˆ

a1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

|
`

pa1, i1q, . . . , pan, inq
˘

P pA ˆ t1, . . . , ruqn
*

In particular,
ˆ

a1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

P Dn
A

for all
`

pa1, i1q, . . . , pan, inq
˘

P pA ˆ t1, . . . , ruqn.
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Bialgebroid structure

Proposition (M. 2026)

DA is a bialgebroid over A, with structure maps

η : Ae Ñ DA, a b b ÞÑ λaρb,

∆: DA Ñ DA bA DA,

ˆ

a1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

ÞÑ

n
ÿ

j“0

ˆ

a1 ¨ ¨ ¨ aj
i1 ¨ ¨ ¨ ij

˙

bA

ˆ

aj`1 ¨ ¨ ¨ an
ij`1 ¨ ¨ ¨ in

˙

,

ε : DA Ñ A, D ÞÑ Dp1q.

Question

Is there a well-known construction which yields this bialgebroid?
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Cofree conilpotent Hopf algebras

Let T copV q be the cofree conilpotent coalgebra over a vector space V .

Question

When is T copV q a Hopf algebra?

Definition

An (ungraded) B8-algebra structure on V consists of a collection of k-linear maps

Mpq : V
bp b Vbq Ñ V ,

such that M00 “ 0, M10 “ idV “ M01, Mn0 “ 0 “ M0n for n ě 2, and satisfying
certain relations.

Theorem (Loday–Ronco 2006)

There exists a bijective correspondence between:

1. Hopf algebra structures on T copV q, and

2. B8-algebra structures on V .

A B8-algebra for which Mpq “ 0 for all p ą 1 is called a brace algebra.
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Brace algebra DerkpAq

Let us consider the cofree conilpotent coalgebra T copDerkpAqq.

The k-linear map

Φ: T copDerkpAqq Ñ EndkpAq,

ˆ

a1
ii

˙

b ¨ ¨ ¨ b

ˆ

an
in

˙

ÞÑ

ˆ

a1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

.

defines a measuring of T copDerkpAqq on A.
We define the linear maps M1n : DerkpAq b DerkpAqbn Ñ DerkpAq,

ˆ

b
j

˙

b

„ˆ

a1
ii

˙

b ¨ ¨ ¨ b

ˆ

an
in

˙ȷ

ÞÑ

¨

˝

ˆ

a1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

pbq

j

˛

‚.

Lemma (M. 2026)

DerkpAq is a brace algebra,

T copDerkpAqq is a Hopf algebra, and

Φ: T copDerkpAqq Ñ EndkpAq is a k-algebra map.
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Connes–Moscovici bialgebroid

Let H be a bialgebra and A be an H-module algebra.

The Connes–Moscovici bialgebroid A d H d A is defined as the bialgebroid whose
underlying vector space is A b H b A, with multiplication

pa d h d bqpa1 d h1 d b1q “ aphp1q ¨ a1q d hp2qh
1 d php3qb

1qb,

and with unit map, comultiplication and counit:

η : a b b ÞÑ a b 1 b b,

∆: a d h d b ÞÑ pa d hp1q d 1q bA p1 d hp2q d bq

ε : pa b h b bq ÞÑ aεphqb.

If H is a Hopf algebra, then A d H d A admits an antipode

a d h d b ÞÑ b d Sphq d a.
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Bialgebroid morphism

Summary:

DerkpAq is a brace algebra.

T copDerkpAqq is a Hopf algebra.

The measuring Φ: T copDerkpAqq Ñ EndpAq is a k-algebra map.

A is a T copDerkpAqq-module algebra.

The Hopf algebroid A d T copDerkpAqq d A is well-defined.

Proposition (M. 2026)

We have a surjective bialgebroid morphism

Φ̄ : A d T copDerkpAqq d A ↠ DA, a d h d b ÞÑ λaρbΦphq.
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Summary



Summary

Commutative case

Descent theorem for Hopf algebroids

Examples: monomial curves

Counterexamples: nodal curves

Free algebra

Description of DA and its bialgebroid structure

Brace algebra structure on DerkpAq

A d T copDerkpAqq d A ↠ DA

23



Appendix



The cusp A “ krt2, t3s

As a k-algebra, DA is generated by

t2, t3 P D0
A, L´2 :“ t´2D0pD0 ´ 3q P D2

A,

D0 :“ tB P D1
A, L´3 :“ t´3D0pD0 ´ 2qpD0 ´ 4q P D3

A.

Counit

εApD0q “ εApL´2q “ εApL´3q “ 0

Antipode

SpD0q “ ´D0 ` 1, SpL´2q “ L´2, SpL´3q “ ´L´3

Comultiplication

∆A pD0q “ 1 bA D0 ` D0 bA 1,

∆A pL´2q “ 1 bA L´2 ` 2D0 bA pD0 ´ 1qL´2 ´ 2L1 bA L´3 ` L´2 bA 1,

∆A pL´3q “ 1 bA L´3 ` 3L´2 bA L´1 ´ 3L´1 bA L´2

` 6D0 bA pD0 ´ 1qL´3 ´ 6L1 bA L2´2 ` L´3 bA 1,

where L1 :“ tD0 P D1
A and L´1 :“ t´1D0pD0 ´ 2q P D2

A.
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Relations in DA for A “ kxx1, . . . , xry

We have the following relations in DA:

ρa ´ λa “

r
ÿ

j“1

ˆ

rxj , as

j

˙

λa

ˆ

a1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

“

r
ÿ

j“1

ˆ

ra, xj s a1 ¨ ¨ ¨ an
j i1 ¨ ¨ ¨ in

˙

`

ˆ

aa1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

ρa

ˆ

a1 ¨ ¨ ¨ an
i1 ¨ ¨ ¨ in

˙

“

r
ÿ

j“1

ˆ

a1 ¨ ¨ ¨ an ra, xj s
i1 ¨ ¨ ¨ in j

˙

`

ˆ

a1 ¨ ¨ ¨ ana
i1 ¨ ¨ ¨ in

˙
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