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Classical  quantized enveloping algebras

Ex. g “ slpn ` 1,Cq,

Upgq is generated by elements Ei ,Fi ,Hi ,

Ei “

˜

0
. . . 1

. . .
0

¸

, Fi “

˜

0
. . .

1
. . .

0

¸

, Hi “

¨

˚

˝

0
. . .

1
´1

. . .
0

˛

‹

‚

,

with the Chevalley-Serre relations:

rHj ,Ei s “ αi pHjqEi

rHj ,Fi s “ ´αi pHjqFi
αi :

ˆ

a1
. . .

an`1

˙

ÞÑ ai ´ ai`1

rEi ,Fj s “ δijHi

E 2
i Ei˘1 ´ 2EiEi˘1Ei ` Ei˘1E

2
i “ 0

F 2
i Fi˘1 ´ 2FiFi˘1Fi ` Fi˘1F

2
i “ 0

where: r2sq “ q ` q´1, rHsq “
qH´q´H

q´q´1 .

Rmk. Of course, one really uses Ki “ qHi instead of Hi as generators.
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Irred. representations of a compact semisimple Lie group

K — compact semisimple Lie group (connected, simply connected)

g “ kC — complexification of its Lie algebra

Theorem

Irreducible rep’ns of g are classified by highest weight λ P P`.

Explicit structure. . . ?

Weyl character formula (1925): Action of Cartan subalgebra h.

Gelfand-Tsetlin (1950): Explicit formulas for action of simple root
vectors Ei , Fi , but only for glnpCq, slnpCq.
Pand-Hecht, Wong (1967), & many others: Then same for on,
then spn, then all classical g.

Kashiwara, Lustzig (1990): Crystal bases (asymptotic formulas +
much more)
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Example: V p2$1 ` 2$2q
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Example: V p2$1 ` 2$2q — operator phase
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Tensor product of crystals

The crystal limit (q Ñ 0) simplifies not just the action of the generators,
but also the Clebsch-Gordan coefficients, branching rules, . . .

Theorem (Tensor product rule)

If pL,Bq, pL1,B1q are crystal bases for V ,V 1, then pLb L1,B ˆ B1q is a
crystal basis for V b V 1, with action

f̃i : b b c ÞÑ

#

pf̃ibq b c , if ϕi pbq ą εi pcq

b b pf̃icq, if ϕi pbq ď εi pcq

where εi pbq “ maxtn | ẽni b ‰ 0u and ϕi pbq “ maxtn | f̃ ni b ‰ 0u.
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Example: Tensor product of sl2 representations

f̃i : b b c ÞÑ

#

pf̃ibq b c , if ϕi pbq ą εi pcq

b b pf̃icq, if ϕi pbq ď εi pcq
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Example: Tensor product of sl3 representations
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Example: Tensor product of sl4 representations

Robert Yuncken (IECL Metz) Crystallization of function algebras Dresden, 4 August 2026 12 / 12


